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2. The characteristic equation is r(r? — 1) = 0. Hence the homogeneous solution is
ye(t) = c1 + cae’ + cge . The Wronskian is evaluated as W (1,ef,e”") =2. Now
compute the three determinants
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The solution of the system of equations (10) is

i) = i ==t gl = 2 —reepn
w(t) = tpVVVZ’S) )

Hence uy(t) = —t2/2, us(t) = —e7t(t +1)/2, uz(t) = e'(t — 1)/2. The particular
solution becomes Y (t) = —t2/2 — (t +1)/2 + (t —1)/2 = —t?/2 — 1. The constant
is a solution of the homogeneous equation, therefore the general solution is

y(t) = c1 + coe’ +cze”t — /2.

3. From Problem 13 in Section 4.2, y.(t) = cie™ + cae? + c3e?'. The Wronskian is
evaluated as W(e™!, et, e?!) = 6 e2t. Now compute the three determinants

0 et €2 et 0 e
Wi(t) =10 et 2e%| =€, Wy(t)=|-et 0 2e%| = -3¢,
1 et 4e?t et 1 4e*

et et 0
Ws(t) = |—et e 0] =2
et e 1

Hence u{(t) = €% /6, uj(t) = —e3t/2, uj(t) = €*'/3. Therefore the particular so-
lution can be expressed as Y (t) = e* [¢%"/30] — e [e3 /6] + 2! [¢*' /6] = %' /30.

6. From Problem 22 in Section 4.2, y.(t) = ¢y cos t + casin t + ¢ [c5 cos t + ¢4 sin t].
The Wronskian is evaluated as W (cos t,sin ¢,t cos t,t sin t) = 4. Now compute the
four auxiliary determinants

0 sint t cost tsint

Wit) = 0 cqst cos.t—tsint sint+tco§t
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= —2sint + 2t cost,

cos t
—sin t
—cos t
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0 t cost
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cos t sin ¢ tcost 0

—sint cost cost—tsint 0 .
Walt) = —cost —sint —2sint—tcost 0| —2sin £.

sint —cost —3cost+tsint 1

It follows that
uj(t) = [—sin®t +tsintcost] /2, uj(t) = [tsin®t +sint,cost] /2,
uj(t) = —sin t cos t/2, and uj(t) = —sin®t/2.
Hence
uy(t) = (3sintcost — 2t cos®t —t)/8, ug(t) = (sin®t — 2cos®t — 2tsint cost + t2)/8,
us(t) = —sin®t/4, and  u4(t) = [cos t sin t — t] /4.

Therefore the particular solution can be expressed as Y (t) = wuy(t) cost + ua(t) sint +
us(t)tcost + uy(t)tsint = (sint — 3tcost — t?sint)/8. Note that only the last term
is not a solution of the homogeneous equation. Hence the general solution is
y(t) = c1cos t + casin t +t[c3cos t + cysin t] — 2 sin ¢ /8.

8. Based on the results in Problem 2, y.(t) = ¢1 + coel + cset. Tt was also shown
that W(1,ef,et) =2, with Wi(t) = =2, Wa(t) = e, W5(t) = e'. Therefore we
have u{(t) = —csc t, uj(t) =e ‘tcsct /2, uj(t) = et csc t /2. The particular solu-
tion can be expressed as Y (t) = [u1(¢)] + e [ua(t)] + €' [us(t)]. More specifically,

t ot —t gt
Y (t) = In|esc(t) 4 cot(t)]| + % / e~ % csc(s)ds + 67 e’ csc(s)ds
to t()

= In |esc(t) 4 cot(t)] + / cosh(t — s) csc(s)ds.

to

9. Based on Problem 4, u{(t) =sec t, us(t) = —1, ui(t) = —tan t. The particu-
lar solution can be expressed as Y (t) = [u1(t)] + cos t [uz(t)] + sin ¢ [us(t)]. That
is, Y(t) = In|sec(t) + tan(t)| — ¢ cos ¢ + sin ¢ In|cos(t)|. Hence the general solution
of the initial value problem is y(t) = ¢; + ¢y cos t + ¢z sin ¢ + In [sec(t) 4 tan(t)| —
t cos t + sin t In|cos(t)|. Invoking the initial conditions, we require that ¢; + ¢ =
2,¢c3 =1, —co = —2. Therefore y(t) = 2cost + sint + In[sec(t) + tan(t)| — tcost +
sintln |cos(t)|. Since —m/2 < t < w/2, the absolute value signs may be removed.
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10. From Problem 6, y(t) = c; cost + casint + czt cost + cutsint — t? sint/8. In or-
der to satisfy the initial conditions, we require that ¢c; =2, co +¢3 =0, —c1 + 2¢4 =
—1,-3/4 — c3 — 3c3 = 1. Therefore y(t) = (Tsint — Ttcost + 4tsint — t2sint) /8 +
2 cost.

12. From Problem 8, the general solution of the initial value problem is
y(t) = c1 + cae’ + cze”t + Inesc(t) + cot(t)| +

et [ et [!
+— [ e Fese(s)ds+ — [ e®cse(s)ds.
2 Ji 2 Ji

In this case, tg = 7/2. Observe that y(7/2) = y.(7/2), y'(7/2) = yl(7/2), and
y”(n/2) =yl (w/2). Therefore we obtain the system of equations

c1 + coe™? 4 e/ = 2,

coe™? — 0367“/2 =1,

/2

c2e™? 4 c3e” /% = 1.

Hence the solution of the initial value problem is

t

y(t) = 3 — e ™2 £ In[esc(t) + cot(t)| + / cosh(t — s) csc(s)ds.
w/2
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13. First write the equation as y"’ +x~'y” — 2272y’ 4+ 223y = 22. The Wron-
skian is evaluated as W (x, 22, 1/2) = 6/2. Now compute the three determinants

0 22 1/x x 0 1/z
Wi(z) =0 2z —1/2%|=-3, Wa(x)=|1 0 —1/2? =2/x,
1 2 2/48 0 1 2/3
r 22 0
Ws(z)=1{1 2z 0|=2?
0 2 1
Hence uj(z) = —2?, uj(z) = 22/3, uj(xr) = 2*/3. Therefore the particular solu-

tion can be expressed as

Y(z) =z [-2°/3] + 2® [2°/3] —|—% [2°/15] = 2% /15.

15. The homogeneous solution is y.(t) = ¢1 cos t + cosin t + c3 cosh ¢ + ¢4 sinh ¢.
The Wronskian is evaluated as W (cos t,sin t, cosh ¢,sinh t) = 4. Now the four
additional determinants are given by Wi(t) = 2 sin t, Wa(t) = —2 cos ¢, Ws(t) =
—2 sinh ¢, Wy(t) = 2 cosh ¢. If follows that

ui(t) =g(t) sin(t)/2,  ug(t) = —g(t) cos(t)/2,
uj(t) = —g(t) sinh(t)/2, uy(t) = g(t) cosh(t)/2.

Therefore the particular solution can be expressed as

Y(t) = M/ g(s) sin(s)ds — M/ g(s) cos(s) ds—

2 to 2 to
h(t) [* inh(t) [*

_ cosh(t) / g(s) sinh(s)ds + sinh(t) / g(s) cosh(s)ds.
2/ 2/,

Using the appropriate identities, the integrals can be combined to obtain

Y(t)= f/ g(s) sinh(t — s) ds — %/ g(s) sin(t — s)ds.

2 to to

17. First write the equation as y”' — 32~ ly” + 627 2%y’ — 62 3y =g(x) /2>. Tt
can be shown that y.(z) = c1x + co 22 + c3 x> is a solution of the homogeneous
equation. The Wronskian of this fundamental set of solutions is W (x,z?% 2?) =
223, The three additional determinants are given by Wi (x) = x%, Wa(x) = —223,
Ws(x) = 2. Hence u(z) = g(z)/22%, us(z) = —g(z) /23, uj(z) = g(z)/22*. Now
the particular solution can be expressed as

“g(t) “g(t) “g(t)

0 0 0

1 x 2 2 3
:5/ {m—m—km}g(t)dt.
zo



